Abstract-Filter bank multicarrier with offset quadrature amplitude modulation (FBMC-OQAM) is a modulation technique which is widely considered as a strong contender to replace cyclic prefixed orthogonal frequency division multiplexing (CP-OFDM), for the future 5th generation (5G) of mobile wireless communication networks. FBMC-OQAM exhibits good spectral confinement properties, high spectral efficiency and immunity to synchronization errors, mainly due to its prototype filter's localization properties. But these desirable traits come with the loss of orthogonality, rendering it only orthogonal for real symbols with imaginary interference appearing in both the frequency and time domains. In this work, we prove a set of symmetry properties of this interference for a general class of FMBC-OQAM systems, and use these relationships to derive autocorrelation matrices for interference from neighboring symbols and also for noise contributions. These matrices find application in receiver design and also in channel estimation. The derived symmetry properties are also demonstrated through numerical examples for various standard prototype filter designs.
I. INTRODUCTION
Current broadband services are based on CP-OFDM or its variants. The advantages offered by this modulation scheme include low complexity implementation, robustness against multipath fading environment, orthogonality between subcarriers, trivial implementation of the channel estimator and equalizer, and easy adaptation to the multiple-input multipleoutput (MIMO) context [1] . However, many of these benefits come at the cost of reduced spectral efficiency through the use of the cyclic prefix, and high spectral leakage due to rectangular pulse shaping which leads to a sinc pulse shaped frequency spectrum. Therefore, research is underway targeting the design of an alternate future 5G waveform which will address all these concerns [2] .
To overcome these issues, filter bank multicarrier (FBMC) is an attractive alternative to OFDM [3] which comes at the cost of higher computational complexity. Instead of the rectangular pulse shaping filter used for OFDM, the use of a smoothed pulse shape (typically based on a prototype filter) leads to reduced out of band emissions (OOBE). However, this new filter bank arrangement no longer produces a parallel bank of orthogonal sub-carriers; rather, they interfere with each other.
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The solution employed in FBMC-OQAM is to stagger, by half a symbol interval, the modulation of real-valued data symbols onto the in-phase and quadrature component of each sub-carrier. Then, by judicious pulse shaping filter design, it is arranged for the interference appearing on the outputs from a bank of matched filters in a receiver to be purely imaginary, thereby preserving orthogonality between the real valued symbols on each of the quadrature components. As this orthogonality is achieved without the need for a cyclic prefix (CP), the use of FMBC-OQAM not only offers improved OOBE but is also a more spectrally efficient modulation alternative to CP-OFDM. Some well-known prototype filter designs include PHYDYAS [4] , Hermite [5] , root raised cosine (RRC) [6] and half cosine [7] .
While in principle the nature of the purely imaginary interference has little bearing on the symbol detection process, it does play an important role in channel estimation and also contributes to errors in receivers with imperfect channel state information (CSI). For this reason, several authors (e.g., [8] , [9] ) have computed these interference terms and derived relationships between them at immediate neighboring FT points for various prototype filter designs. In this paper, we prove five general symmetry laws obeyed by all prototype filters. We then use these symmetry results to derive in very general forms, the autocorrelation matrices of the interference and noise terms which affect the output of the bank of matched filters at the receiver. These results have immediate application in channel estimation.
This paper is structured as follows. Section II describes the system model, and the fundamental symmetry properties of the interference terms are derived in Section III. Application of these symmetry relationships to the computation of the interference and noise autocorrelation matrices is examined in Section IV. Finally, numerical results for well-known prototype filters are given in Section V, and Section VI presents conclusions.
Notations: Vectors and matrices are denoted by bold letters. For a matrix A, [A] i,j denotes its (i, j) entry. Superscripts T and H denote transpose and conjugate transpose of matrices respectively. (x) denotes the real part of a complex number x, while x * denotes its complex conjugate. Z denotes the set of integers, E denotes the expectation operator, and j = √ −1. 
II. FBMC-OQAM SYSTEM MODEL

A. FBMC-OQAM signal
The discrete-time baseband equivalent of an FBMC-OQAM signal having M sub-carriers is given by [10] 
where the pair (m, n) indexes a frequency-time (FT) point. Centred on each FT point (m, n), a real-valued PAM symbol a m,n modulates g m,n (l), which is a phase, frequency and time shifted version of a prototype impulse response g(l), i.e., (assuming M to be even)
where g is a real linear-phase unit-energy impulse with length L g = KM samples (K is the time overlapping factor) and ϕ m,n = (m + n) π 2 + ϕ o (ϕ o can be chosen arbitrarily). A matched filter receiver attempting to detect symbol a p,q has response g * p,q and its output will contain contributions from each transmitted symbol a m,n given by a m,n ξ p,q m,n , where
These interference coefficients ξ p,q m,n have symmetry properties in time as well as in frequency, which will be proved in Section III.
The prototype filter used is such that the following real orthogonality condition is satisfied:
where δ [.] denotes the Kronecker delta function. This condition causes the matched filter output to contain purely imaginary intrinsic interference.
B. Reception with time-dispersive channel
For each time instant n, we define a channel vector
th matched filter is
where the summation in (5) represents intrinsic interference from neighboring symbols and Figure 1 .
Typically ξ p,q m,n is zero outside a small neighbouring region about FT grid point (p, q) and if we make the assumption that h m,n = h p,q for this region, then by representing the intrinsic interference affecting y p,q as h p,q I p,q , where
m,n a m,n , we may rewrite (5) as
Given channel estimatesh p,q , an estimate of the symbol a p,q , denotedâ p,q , can be generated by taking the real part of the output from a one-tap equalizer as follows:
where the approximation above is true ifh p,q = h p,q . These channel estimates could be obtained by various methods such as those described in [8] , [11] and [12] , all of which require knowledge of ξ p,q m,n and various correlation matrices thus motivating this work.
III. INTERFERENCE SYMMETRY IDENTITIES
The following theorem provides various symmetry identities for ξ p,q m,n that will be useful in developing autocorrelation matrices in Section IV. 
Proof. Preliminaries: Rearranging (2) we get
where it is now clear that each g m,n (l) is just a time and frequency shifted version of the prototype filter g(l) with a phase rotation. Thus we can now write (3) as:
Proof of (8): Using (13) we have:
as required. We call this the conjugate symmetry property.
Proof of (9): When receiving the symbol at FT point (p, q) the interference from an FT point having a frequency shift of δ p is, from (13), given by:
as required. We call this symmetry in the frequency domain.
Proof of (10): When receiving the symbol at FT point (p, q) the interference from an FT point having a time shift of δ q is, from (13), given by:
Similarly we have:
The summation in the two previous results are the same thus: Proof of (11): Using (13) we can calculate:
as required. We call this frequency translation property.
Proof of (12): Using (13) we can calculate:
Since, φ(m, n+δ q , p, q+δ q ) = φ(m, n, p, q) and applying change of variable as
as required. We call this the time translation property. This completes the proofs.
IV. APPLICATION: AUTOCORRELATION MATRICES
The symmetric nature of the interference coefficients has been used to design a number of receiver algorithms. These symmetry properties allow for ease of calculation of the interference power on a particular symbol in the frequencytime grid which can, in turn, underpin schemes for interference cancellation [11] and interference approximation [12] to improve the channel estimates, as well as calculation of the autocorrelation matrices for the relevant noise and interference terms. Note that previous works such as [11] , [12] considered only the frequency symmetry in immediate neighborhood (i.e., |δ p | = 1) to design their schemes for channel estimations. In contrast, the result expressed in Theorem 1 represents a set of general symmetry conditions which are valid for all points in the FT grid. In this section, we describe the applications of these symmetry conditions.
A. Noise Autocorrelation Matrix
In FBMC-OQAM, the filtered noise is correlated among sub-carriers. The filtered noise at FT point (p, q) is w p,q = l η(l)g * p,q , which can be written as
Since linear filtering of a zero-mean Gaussian random process yields another zero-mean Gaussian process, thus also E[w p,q ] = 0. Considering the prototype filter g be unit energy, the variance of w p,q is given by
Next consider two FT points (p 1 , q 1 ) and (p 2 , q 2 ). The filtered noise contributions at these points are w p1,q1 and w p2,q2 respectively, and their covariance is given by
Using (16) and considering M neighboring sub-carriers at an arbitrary time instant n, we can write the noise covariance matrix of size
(17) Considering (11) , in the matrix B (n) the interference coefficients in each diagonal are equal, making the noise covariance matrix a Toeplitz matrix. Also, the conjugate symmetry property of ξ p,q m,n given by (8) implies that the matrix B x,y as the (x, y) th element of B (n) and using (12) we can obtain,
Using (18), we can find that there are in fact only two unique B (n) matrices exist i.e.,
for n even B (1) for n odd
It could also be seen from (18)
B. Interference Autocorrelation Matrix
Some authors (e.g. [13] ), have need to compute the autocorrelation matrix of I p,q under the assumption that h m,n = 1 for all m and n. Thus, from the definition of interference in FBMC-OQAM we get,
The autocorrelation matrix C q , of the above considering M neighboring sub-carrier at a time instant q can be written as
where σ 2 a is the variance of independent data symbols a m,n . As with all autocorrelation matrices C q exhibits conjugate symmetry, but it also has the following properties. The i th diagonal entry is given by:
which by using (11) can be shown to be a constant for all i. Similarly for the other (non-diagonal) elements it can be shown that:
i.e. similar to (17), C q is also a Toeplitz matrix.
V. ILLUSTRATIVE EXAMPLES
In this section, we provide some examples which illustrate the symmetry properties described by Theorem 1. The calculations are performed using four different prototype filters of whose the time domain expressions and parameters are given in Table I . A time domain comparison of the pulse shape for these prototype filters is given in Fig. 2; Fig. 3 presents the corresponding comparison in the frequency domain. The interference coefficients ξ p,q m,n is presented in tabular form for various prototype filters mentioned in Section I as: Table II for the PHYDYAS prototype filter; Table III for the Hermite polynomial based prototype filter; Table IV for the RRC prototype filter; and Table V Tables II and V it can be seen that the PHYDYAS and half cosine prototype filters have better interference confinement in frequency than in time. For the Hermite polynomial based filter, the interference confinement is better in time, whereas for the RRC filter with β = 0.5 the confinement is poor in both frequency and time axis. The frequency and time symmetry of interference coefficients is also indicated in Tables II, III , IV and V; it can be seen that the symmetry conditions always hold irrespective of the prototype filter applied. 
VI. CONCLUSION
FBMC-OQAM is orthogonal in the real domain, but some residual interference always exists which is imaginary in nature. This interference possesses a symmetric nature which allows for ease of design of receiver algorithms for FBMC-OQAM systems. In this work we have proved a set of general symmetry properties satisfied by FBMC-OQAM's interference, which have been shown to hold regardless of the prototype filter employed. 
